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TéSA Laboratory, 14-16, Port Saint-Etienne, 31000 Toulouse, France
Department of Electrical Engineering, Stony Brook University, Stony Brook, 11794-2350 NY, USA
3
IRIT/ENSEEIHT, University of Toulouse, 2 rue Charles Camichel, 31071 Toulouse, France
chao.lin@tesa.prd.fr, monica@ece.sunysb.edu, {jean-yves.tourneret,corinne.mailhes}@enseeiht.fr

Abstract—The development of robust ECG denoising techniques is important for automatic diagnoses of cardiac diseases.
Based on a previously suggested nonlinear dynamic model
for the generation of realistic synthetic ECG, we introduce
a modified ECG dynamical model with 18 state variables to
further include morphology variations. A marginalized particle
filter is proposed for tracking this modified nonlinear state-space
model which has linear substructures. Quantitative evaluations
on the MIT-BIH database show that the proposed algorithm
outperforms the extended Kalman filter-based algorithms and
can better handle non-Gaussian distributions.
Index Terms—Marginalized particle filter, ECG dynamical
model, denoising, extended Kalman filter.

I. INTRODUCTION
The monitoring and analysis of electrocardiograms (ECGs)
has received increasing attention because of its vital role in
many cardiac disease diagnoses. The development of new
sensor technologies has provided new ways of recording
ECGs that are more comfortable for patients. However, in
most cases, increasing comfort can result in signals with
reduced quality. For instance, electrodes that are incorporated
in garments generally provide signals with a lower signal-tonoise ratio (SNR) and more artifacts than contact electrodes
directly glued to the body [1]. Therefore, extraction of
pure ECG components (P, QRS and T waves) from noisy
measurements is still a subject of major importance.
A nonlinear dynamical model has been recently developed
for the generation of synthetic ECG complexes with their
relationship to the beat-to-beat RR-interval timing [2]. Ever
since, a particular attention has been devoted to this model
whose parameters can be estimated with nonlinear Bayesian
filtering. In the literature, one can find several extended
Kalman filter (EKF) based ECG denoising techniques [3]–
[5]. Earlier work [3] consider the polar form of the dynamical
model proposed in [2] and take into account two state
variables. In [4], [5], the EKF structure has been modified
by considering 15 additional equations to better describe the
dynamics of model parameters and improve SNR. However,
as pointed out in [6], the EKF always approximates the
posterior density at every time instant by a Gaussian density.
If the assumption does not hold (e.g., if the true density is
bimodal or heavily skewed), sequential Monte Carlo (SMC)
methods (often referred to as particle filters (PFs)) can be
applied to estimate the joint posterior state distribution. This

is precisely the solution investigated in this paper for ECG
denoising.
One can find detailed introductions to PFs in [7]. The key
idea is to represent the required posterior density by a set
of random samples with associated weights and to compute
parameter estimates from these samples and weights. As the
number of generated samples increases, the resulting Monte
Carlo approximation becomes closer to the actual posterior
distribution of interest. Despite the simplicity of the PF
principle, its main drawback is its computational complexity
especially for large state dimension. This computational
complexity can be reduced for nonlinear dynamic models
containing a subset of parameters which are linear and
Gaussian, conditional upon the other parameters. In this case,
the linear parameters can be optimally estimated through
standard linear Gaussian filtering. This technique is often
referred to as Rao-Blackwellization [8] or marginalization[9].
In this paper, we introduce a dynamic model with 18 state
variables that allows the artificial ECG to adapt to normal
and abnormal morphologies. Since these state equations are
linear with respect to a subset of the unknown parameters,
we propose to use a marginalized particle filter (MPF) that
gets rid off the states appearing linearly in the dynamics,
generate particles in the state of the remaining states and run
one Kalman filter for each of these particles to estimate the
“linear” parameters. The proposed MPF is evaluated on both
synthetic signals generated by [2] and real ECG signals from
easily available standard databases. A quantitative comparison shows that the proposed MPF outperforms the classical
EKF-based denoising techniques in terms of SNR.
The paper is organized as follows. A brief introduction to
the modified ECG dynamical model is provided in section
II. Section III is dedicated to the description of the proposed
MPF algorithm for ECG denoising. Simulation results are
provided in Section IV. Discussion and conclusions are finally
reported in Section V.
II. ECG MORPHOLOGY AND ECG MODEL
As displayed in Fig. 1, each beat of the heart can be
observed as a sequence of deflections away from the baseline
of the ECG. A normal ECG cycle consists of five major
components contained in the complex PQRST. The first
deflection (P-wave) is due to the depolarization of the atria.
The large QRS complex is due to the depolarization of the
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TABLE I
F IXED ECG FEATURE PARAMETERS PROPOSED IN [3]
R

Index (j)
αj
νj
bj

1

Amplitude(mV)

0.8

P
1.2
−π/3
0.25

Q
-5.0
−π/12
0.1

R
30
0
0.1

S
-7.5
π/12
0.1

T
0.75
π/2
0.4

0.6

T

T

0.4
0.2

proposed to use five Gaussian functions to model the ECG
channels containing the P, Q, R, S and T waves such that
J = 5. Moreover, the corresponding model parameters α =
T
T
T
[α1 . . . α5 ] , b = [b1 . . . b5 ] , ν = [ν1 . . . ν5 ] were
fixed as presented in Table I.
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III. MODIFIED ECG DYNAMICAL MODEL
Fig. 1. Signal portion from a normal sinus ECG record (blue) and the
synthetic ECG generated by the dynamical model proposed in [2] (black).

ventricles. The last deflection (T-wave) corresponds to the
ventricular repolarization of the heart.
The ECG dynamical model proposed by McSharry et
al. consists of a three dimensional state equation, which
generates a trajectory with the Cartesian coordinates [2]. This
dynamic model generates a trajectory with the coordinates
(x, y, z) according to the following system of differential
equations
x′ = αx − ωy
y ′ = αy + ωx
X
z′ = −

j∈{P,Q,R,S,T }

aj ∆θj exp −

∆θj2
2b2j

!

− (z − z0 )

where x′ , y ′ and z ′ are the derivatives
p of x, y and z
with respect to time. Here, α = 1 − x2 + y 2 , ∆θj =
(θ − νj )mod(2π), θ = atan2(y, x) and ω is the angular
velocity which can be defined as ω = 2π/T with T the
RR peak period in each ECG cycle. The baseline wander of
the ECG signal has been modeled with z0 . The projection
of the three dimensional trajectory on the z axis gives us a
synthetic ECG signal. The parameters aj , bj and νj with
j ∈ {P, Q, R, S, T } can be assigned different values to
synthesize different ECG signals. The synthetic signal shown
in Fig. 1 (black curve) has been generated by the dynamical
model whose parameters have been estimated to fit the actual
ECG signal (blue line).
In [3], Sameni et al. transformed the previous system of
differential equations into a simplified discrete polar form
θk+1 = θk + ωδ
!
J
2
X
∆θj,k
αj ω
+ zk + η k
δ 2 ∆θj,k exp − 2
zk+1 = −
bj
2bj
j=1

(1)

for k = 1, ..., K −1, where K is the number of ECG samples
and where ∆θj,k = (θk − νj ) mod (2π). Here, δ = 1/F s
is the sampling time, ω is the angular velocity and ηk is a
random time variant noise which has been placed to represent
the baseline wander. The summation over j is taken over the
number of Gaussian functions (or turning points) J used for
modeling each of the ECG component. In [3], the author

The state variables considered in [3] were θk and zk
whereas the other parameters were considered as noise processes. Exploiting the fact that ECG complexes originated
from consecutive heartbeats are very similar but not exactly
identical, the parameters α, b and ν (defining the five Gaussians used to model the different waves) were considered as
state variables with first order autoregressive (AR) dynamics
in [4]. In this paper, we propose to consider the angular
velocity ω as a new state variable to make the artificial ECG
adaptable to rhythm changes. The dynamical state equations
for θk and zk can then be written
θk+1 = θk + ωk δ + eθ,k
!
5
2
X
∆θj,k
αj,k ωk
+ zk + ez,k
δ 2 ∆θj,k exp − 2
zk+1 = −
bj,k
2bj,k
j=1
(2)
where eθ,k and ez,k are additive Gaussian noises. In order
to consider the time variations of the angular velocity and of
the parameters of the different waves, we propose to use the
following random walk dynamics for these parameters
ωk+1 = ωk + eω,k
αk+1 = αk + eα,k
ν k+1 = ν k + eν,k
bk+1 = bk + eb,k

(3)

where eω,k , eα,k , eν,k and eb,k are additive mutually independent white noise vectors whose variances determine how
fast the parameters are expected to change with time. The
resulting ECG signal is defined by 18 state variables gathered
in xk and by 12 process noise variables defining wk
h
iT
xk = θk zk ωk αTk ν Tk bTk
T

wk = eθ,k ez,k eω,k eTα,k eTν,k eTb,k .

Concerning the observation equation, besides the ECG observations z, Sameni et al. proposed in [3] to add the phase
φ as a second observation, which can be simply obtained by
detecting the R peaks. Hence, we have two noisy observation
vectors φ = (φ1 , · · · , φK ) and s = (s1 , · · · , sK ) (where K
is the number of observed samples), corresponding to the
state variables θ and z. Other state variables are considered
as hidden states. The resulting observation equation of the

dynamical model can be defined as
φk = θk + uφ,k
sk = zk + us,k

(4)

where uφ,k and us,k are observation noises. This work
considers white Gaussian noises in order to compare the
proposed algorithm with EKF based methods. However, one
advantage of the proposed MPF is that it can be modified
easily to handle non-Gaussian noises and/or nonlinear state or
measurement equations. This will be useful in the presence of
motion articfacts, environmental noises and bioelectrical artifacts which can induce non-linearities or/and non-Gaussian
noises in the ECG dynamical model.
IV. A MARGINALIZED PARTICLE FILTER
By looking carefully at (2) and (3), it can be observed
that the state equation is composed of linear functions of
some state variables. More precisely, the state equation has 5
linearly dependent parameters (i.e., αk ) and 13 nonlinear parameters (i.e., θk , zk , ωk , ν Tk and bTk ). In this case, the “nonlinear” variables can be obtained using a sequential Monte
Carlo method whereas the “linear” parameters are estimated
using a recursive Kalman filter (KF). This sequential method
is referred to as MPF [9]. More precisely, the state vector xk
can be split into two subvectors xLk and xNL
k referred to as
linear (L) and nonlinear (NL) components
iT
h
xNL
= θk zk ωk ν Tk bTk
k
xLk

αTk .

=

Using Bayes’ theorem, the following result can be obtained


L NL
L
NL
p xNL
(5)
k , xk |y k = p(xk |xk , y k ) p xk |y k
|
{z
} | {z }
Optimal KF

PF

p(xLk |xNL
k , yk )

where
is analyticallytractable and is given by
the KF equations, while p xNL
k |y k can be estimated using
the PF. In order to highlight the linear and nonlinear relations
between the different variables, it is interesting to rewrite the
transition and observation equations (2) and (4) in the form
of the Triangular Model proposed in [9] as follows
 L
NL
NL
xk + eNL
xNL
k
k+1 = xk + G xk
xLk+1

=

xLk + eLk

yk

=

xNL
k + uk

(6)

where
G xNL
k
g xNL
k
and
NL
gk,j





=
=





0 g xNL
k



T
0 ··· 0

NL T

NL
gk,1
. . . gk,5

2
∆θj,k
ωk
= δ 2 ∆θj,k exp − 2
bj,k
2bj,k

!

(7)

(8)

The
part of (7) can be formed for each particle
n linear
o
NL,i
xk
, and the linear state variables can be esi=1,...M

timated using the KF. This requires to build one KF for each
particle. The MPF recursions are summarized in Algorithm

1, and are detailed in the sequel. Note that M is the number
of particles and K is the number of time steps which is
equivalent to the number of observed samples.
Algorithm 1 The marginalized particle filter
{Initialization}
for i = 1 to M do
NL
sample xNL,i
0|−1 ∼ p(x0 )
L,i
L
i
set x0|−1 = x0 and P0|−1
= P0
end for
for k = 0 to K do
{Evaluate importance weights}
for i = 1 to

 M do
wki = p y k |xNL,i
k|k−1
end for
{NormalizePthe importance weights}
M
w
eki = wki / j=1 wkj
{Resampling}
Resample
M particles
 with replacement

NL,j
ekj
P xNL,i
=
x
k|k
k|k−1 = w
{Particle filter time update and Kalman filter }
a) Kalman filter measurement update (Linear): see (9)
b) Particle filter time update (Nonlinear):
for i = 1 to M do 

NL,i
NL
sample xNL,i
k+1|k ∼ p xk+1|k |xk
end for
c) Kalman filter time update (Linear): see (13)
end for
1) Initialization: The initial values of the model parameters x0 and the process noise covariance matrix P0 are
obtained by using an automatic off-line parameter selection
procedure proposed in [3]. By plotting the noisy ECG versus
the periodic phases that are assigned to each sample in polar
coordinates, the mean and variance of the phase-wrapped
ECG can be calculated for all phases between 0 and 2π. This
gives the average of the ECG waveform. The best estimates
of the model parameters in the MMSE sense can be found
by fitting the mean ECG by using a nonlinear least-squares
approach and they are assigned to the initial parameters.
The process noise covariance matrix can be obtained by
calculating the magnitude of the deviation of the parameters
of the Gaussian functions in (1) around the estimated mean.
Interesting readers are invited to refer to [3] for more details
of this parameter selection procedure.
2) Kalman filter measurement update: As shown in (4),
the noisy measurements do not depend on the linear state
variables αk . Therefore, the measurement update in the KF
can be simplified as follows
α̂ik|k = α̂ik|k−1 ,

i
i
Pk|k
= Pk|k−1

(9)

i
where α̂ik|k and Pk|k
are the mean vector and covariance
matrix of the conditional probability density functions (pdfs)
for αik|k .

3) Particle filter time update: The prediction of the nonlinear state variables x̂N
k+1|k is obtained by using the PF.
In this paper, we adopt the prior distribution as importance distribution, i.e., we sample the particles x̂NL,i
k+1|k , i ∈


NL,i
. Using (2), it can be shown
1, . . . , M from p xNL
k+1|k |xk



that the pdfs p θk+1|k |θki , p zk+1|k |zki , p ωk+1|k |ωki ,
p ν k+1|k |ν ik and p bk+1|k |bik are Gaussian pdfs. Meanwhile, we adopt the assumption that the noise sources are
uncorrelated as in [3], [4]. Thus, the importance distribution
is Gaussian


NL,i
= N (µk , Σk )
p xNL
k+1|k |xk
with mean vector µk defined by

i
i
θk + ω
k δ

NL,i
T
αik + zki
 −g xk

µk = 
ωki


ν ik
bik






.



5) Weight update: Since the observation equation does not
depend on the linear state variables αk , the measurement
noise can be arbitrarily distributed. In this case, (4) is
solely used in the PF part of the algorithm, which can
handle all pdfs. However, for comparison purposes with the
EKF, the results of this paper are based on simple additive
 Gaussian measurement noises. Therefore, the likelihood
p y k |xNL,i
k|k−1 is a bivariate Gaussian pdf. The measurement
noise covariance matrix is assumed to be diagonal


  2
σφ 0
θk
.
p (φk , sk |θk , zk ) = N
,
zk
0 σs2
Consequently, the importance weights satisfy the following
relation


i
i
w
eki ∝ p φk , sk |θk|k−1
, zk|k−1

where ∝ means “proportional to”.
(10)

V. SIMULATION RESULTS

In this paper, we use one of the easily available standard databases, namely, the MIT-BIH Normal Sinus Rhythm
Note that αik are generated by the KF at instant k. The Database (MIT-BIH) [10] to study the performance of the
proposed method. This database was recorded at a samvariance matrix Σk is given by
pling rate of 128 Hz from 18 subjects with no significant

(11) arrhythmia. From this database, 20 portions of 10 seconds are
Σk = diag σθ2 , σz2∗ , σω2 , σ 2ν , σ 2b




visually selected for the evaluation of the proposed algorithm.
(i)
NL,(i)
NL,(i)
+ σz2 , σ 2ν = These signal portions have been selected with a high SNR
Pk|0:k−1 g xk
where σz2∗ = g T xk
T

 2
T
and they constitute our ground truth. In order to generate
σν1 , . . . , σν25 and σ 2b = σb21 , . . . , σb25 .
4) Kalman filter time update: It is clear that among the realistic ECG signals, the ground truth has been corrupted by
nonlinear state variables, only zk contains information about an additive white noise with SNR ranging from 25 to -5 dB.
the linear state variables αk . This implies that there will In order to investigate the performance of our algorithm and
be information about the linear state variable αik in the to compare it to alternative methods, we have implemented
i
prediction of the nonlinear state variable ẑk+1|k
. It is assumed the EKF model of [4] with 17 state variables (which has
that the PF time update step in Algorithm 1 has just been been shown to outperform other EKF based methods in
[4]). In the following simulations, all methods have been
completed. This means that the predictions x̂NL,i
k+1|k (which
i
include ẑk+1|k
) are available, and the state equations of αk tested with the same values of the process and measurement
noise parameters, which have been estimated by using the
can be written as
automatic parameter estimation procedure derived in [3].
αik+1 = αik + eα,k
Fig. 2 shows the results obtained for an ECG portion with


P
and T wave amplitude variations. We can see that the
i
i
(12)
ẑk+1|k
− zki = g T x̂NL,i
k+1|k αk + ez,k .
proposed MPF provides cleaner estimates, especially with
i
It is possible to interpret ẑk+1|k
− zki as a measurement of smaller distortions on wave peaks. One explanation is that
αk and ez,k as the corresponding measurement noise. Since the dynamic ECG model with 18 variables describes more
(12) is a linear state-space model with Gaussian noise, the accurately the ECG signal variations. Moreover, the proposed
MPF outperforms the EKF for parameter estimation in ECG
optimal state estimate is given by the KF, i.e.,
signals. In order to confirm the visual performance evaluation




NL,i
NL,i
i
T
NL
of
the proposed MPF, we have considered the so-called SNR
Fk = g x̂k+1|k Pk|k g x̂k+1|k + Qk


improvement measure defined as
−1
i
!
Lk = Pk|k
g x̂NL,i
P
k+1|k Fk
2




i |s(i) − x(i)|
SNRimp = 10log P
i
i
2
− zki − g T x̂NL,i
α̂ik+1|k = α̂ik|k + Lk ẑk+1|k
k+1|k α̂k|k
i |z(i) − x(i)|
i
i
Pk+1|k
= Pk|k
+ QLk − Lk Fk LTk

(13) where s is the noisy signal, x is the clean ECG and z is the
denoised signal.
i
where α̂ik+1|k and Pk+1|k
are the filtered estimates of the
In order to obtain a fair performance comparison between
(i)
mean and covariance of the conditional pdfs for αk+1|k , the different algorithms, 20 Monte Carlo runs have been
respectively. The noise covariance matrices are QNL = σz2 considered for each ECG signal portion. The filter output
SNR has been averaged over the 400 results for each input
and QL = Σ2α .
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Fig. 2. Typical filtering results of EKF proposed in [4] and MPF with 2000
particles for an noisy ECG signal of 0dB. On the top: input signal; on the
bottom: original clean signal (dark green), EKF filtered output (blue) and
MPF filtered output (red).
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showed that further improvements in estimation performance
can be obtained when using a PF instead of the classical
extended Kalman filter. Instead of using local linearizations
of the nonlinear state-space model (as for the EKF based
methods), the proposed MPF approximates the unknown
parameter posterior distribution by exploiting the specific
structure of the state space model. It it interesting to note
that the MPF method allows any (possibly non-Gaussian)
noise distribution to be considered. This property is very
interesting for physiological signal processing, where the
noise is often complex and non Gaussian. Note however
that the price to pay with the proposed marginalized particle filter is a higher computational cost, essentially when
compared to other EKF based methods. The proposed MPF
algorithm can serve as a reference for ECG denoising which
is interesting in many biomedical applications. Future work
includes applying a similar sequential Monte Carlo method
to a different Bayesian model recently introduced in [11] for
ECG delineation.
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Fig. 3. MPF with 3000, 2000, and 500 particles and EKF filter output SNR
improvement versus different input SNRs for 20 portions selected from the
MIT-BIH Normal Sinus Rhythm database, averaged over 20 Monte Carlo
simulations each.

SNR. The means and standard deviations of SNR improvements versus different input SNRs are plotted in Fig. 3.
The proposed MPF algorithm clearly outperforms the EKF
method in terms of SNR improvement, especially for low
input SNRs. From Fig. 3, it is also clear that the estimates
improve when more particles are used as expected. Note
that the difference in performance can mainly be observed
during the transients, where more particles should be used.
Of course, the computational complexity is an increasing
function of the number of particles. A good compromise is
obtained when using 2000 particles for ECG denoising.
VI. CONCLUSIONS
This paper studied a marginalized particle filter for
Bayesian filtering of single channel noisy ECG signals. The
marginalization was applied to a modified dynamic ECG
model defined by a nonlinear state-space model with linear
substructures. A validation using the MIT-BIH database
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